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We study the production of jet-bremsstrahlung photons through the scattering with the con-
stituents of a dense nuclear matter within the framework of deep-inelastic scattering off a large
nucleus. Applying a gradient expansion up to the second order for the exchanged three-dimensional
momentum between jet and medium, we derive the single photon bremsstrahlung spectrum with
the inclusion of the contributions from the transverse broadening as well as the longitudinal drag
and diffusion of the hard parton’s momentum. We also compare the medium-induced photon ra-
diation spectra for single scattering and from the resummation of multiple scatterings. It is found
that the coupling between different scatterings can give additional contribution to medium-induced
photon radiation, while for small momentum exchange, the leading contribution from the drag and
diffusions to the photon emission spectra remain the same for single and multiple scatterings.
I. INTRODUCTION
Hard partonic jets produced from early hard collisions
provide very useful tools to probe the properties of hot
and dense nuclear matter produced in high-energy heavy-
ion collisions, such as those at the Relativistic Heavy-Ion
Collider (RHIC) and the Large Hadron Collider (LHC)
[1–3]. During the propagation through the dense nuclear
medium, the hard jet partons interact with the surround-
ing medium and tend to lose their energy and forward
momentum before exiting the medium and fragmenting
into hadrons. One of the important consequences of jet-
medium interaction and parton energy loss is the sup-
pression of high transverse momentum hadron produc-
tion in relativistic heavy-ion collisions as compared to
that in elementary proton-proton collisions scaled by the
number of binary nucleon-nucleon collisions [4–9]. This
phenomenon is usually denoted as jet quenching.
Parton energy loss and jet modification originate from
a combination of binary elastic collisions between the
hard jet partons and the medium constituents [10–13],
and medium-induced inelastic radiative/splitting pro-
cesses [14–26]. For light flavor jet quenching, especially
the suppression of single inclusive hadron production at
high transverse momentum, the medium-induced gluon
radiation is usually regarded as the most important par-
ton energy loss mechanism [13, 27, 28], while for the
nuclear modification of heavy quarks and heavy flavor
mesons with large finite masses, elastic processes may as-
sume more important contribution, especially at low and
intermediate transverse momentum regime [27, 29–33].
Various theoretical formalisms of jet quenching have been
developed to study the collisional and radiative parts of
the energy loss experienced by the hard jet partons when
they traverse the dense nuclear medium (see Ref. [34] and
references therein for a more detailed comparison of the
different jet quenching formalisms). Based on these theo-
retical formalisms, sophisticated phenomenological stud-
ies have also been performed to investigate the manifes-
tation of jet-medium interaction in different final state
observables, such as the suppression of single inclusive
high hadron production at high transverse momentum
regime [35–37], the nuclear modification of dihadron and
photon-hadron pair correlations [38–41], etc. One of the
main purposes of various jet quenching studies is to ex-
tract the values of jet transport coefficients, such as the
transverse momentum broadening rate qˆ = d〈p2T 〉/dt and
the longitudinal momentum loss rate eˆ = d〈E〉/dt, in
dense nuclear media via the systematic comparison with
the available jet modification data (e.g., see Ref. [42]).
Currently, most calculations of radiative energy loss
mainly focus on the gluon radiation induced by trans-
verse momentum broadening experienced by the jet
parton when propagating through the dense nuclear
medium. When a jet parton scatters off the medium con-
stituents, both transverse and longitudinal momenta are
exchanged between the propagating jet and the traversed
medium [43–45]. The longitudinal momentum loss expe-
rienced by the propagating jet partons has been studied
in many jet quenching calculations, but only in the con-
text of evaluating purely collisional energy loss either by
the leading hard parton [12, 13, 27, 28], or by the radiated
partons when studying the energy loss and the medium
modification of full jet showers [46–50]. Recently, the in-
fluence of longitudinal momentum exchange between the
jet parton and the medium constituents on the stimu-
lated radiation vertex has been investigate in Ref. [51, 52]
by allowing the exchanged longitudinal momentum to be
of the order of the transverse momentum.
In this work we study the real photon radiation from
a jet parton which propagates through a dense nuclear
medium and experiences both transverse and longitudi-
nal scattering off the gluon field of the medium. This
work serves as an intermediate step to evaluate medium-
induced gluon emission from a hard parton interacting
with the dense nuclear medium. It is also an extension of
the previous work performed by one of the authors in Ref.
2[51] in which the leading contribution to parton-photon
double differential spectrum has been obtained in the
presence of both transverse and longitudinal momentum
exchanges. Here, we attempt to derive the single photon
radiation spectrum induced by jet-medium interaction by
integrating out the momentum of the final outgoing par-
ton. As will be shown, in order to obtain the leading
contribution from longitudinal and transverse momen-
tum diffusion to the single photon radiation spectrum,
one needs to proceed one step further in the momentum
gradient expansion as compared to the previous work in
Ref. [51]. The single photon emission spectrum obtained
in this work can be directly used as the input to evalu-
ate the production of jet-medium photons in relativistic
heavy-ion collisions, which are expected to provide signif-
icant contribution to the direct photon production at the
intermediate transverse momentum regime [40, 53]. As
an interesting check, we also compare the single photon
bremsstrahlung spectrum from the resummation of mul-
tiple scattering scenario and that from single scattering
calculation. We find that the coupling between different
scatterings experienced by the hard propagating parton
may give additional contribution to the medium-induced
photon emission, while for small momentum exchange
and only considering the leading contribution from the
drag and the diffusions to the single photon emission
spectrum, the results from single and multiple scatter-
ing scenarios remain the same.
The paper is organized as follows. In Sec. II, we pro-
vide a brief introduction to the photon bremsstrahlung
process from a hard parton produced in deep-inelastic
scattering (DIS) off a large nucleus at leading-twist level.
In Sec. III, we investigate the induced photon radia-
tion when a hard parton experiences a single scatter-
ing in the dense nuclear medium (at twist-four level).
Applying a gradient expansion for the exchanged three-
dimensional momentum between the jet parton and the
nuclear medium, the contributions from the transverse
momentum diffusion as well as the longitudinal momen-
tum drag and diffusion to the single photon emission
spectrum are computed. In Sec. IV, we present the com-
putation of the single photon bremsstrahlung spectrum
from a hard parton which experiences multiple scatter-
ings in the dense nuclear medium (i.e., by resumming
all-twist contributions). By resumming the number of
multiple scatterings experienced by the propagating hard
parton, we compute the single photon spectrum at all-
twist level, and compare to the twist-four result obtained
in Sec. III. Sec. V contains our summary.
II. PHOTON BREMSSTRAHLUNG IN DIS AT
LEADING TWIST
For completeness, in this section we present a short
introduction to the photon bremsstrahlung process from
a jet parton produced in semi-inclusive process of deep-
inelastic scattering (DIS) off a large nucleus at leading
twist. We consider the following process:
e(L1) +A(PA)→ e(L2) + q(lq) + γ(l) +X, (1)
where L1 and L2 denote the momenta of the incoming
and outgoing leptons, lq and l are the momenta of the
produced hard quark and the bremsstrahlung photon,
and PA = Ap is the momentum of the incoming nucleus
with the atomic number A (i.e., each nucleon in the nu-
cleus carries the same momentum p). In this work, we
utilize the light-cone notation for four-momentum vec-
tors, e.g., p = [p+, p−,p⊥], with
p+ =
1√
2
(E + pz), p
− =
1√
2
(E − pz). (2)
We note that in the Briet frame, the virtual photon γ∗
carries a four-momentum q = L2−L1 = [−xBp+, q−,0⊥]
and the nucleus has a four-momentum PA = Ap =
A[p+, 0,0⊥], where xB is the Bjorken variable defined as:
xB = Q
2/(2p+q−), with Q2 = −q2 the invariant mass of
the virtual photon.
The differential cross section for the lepton production
from the above semi-inclusive DIS process can be written
as follows:
EL2
dσ
d3L2
=
αe
2πs
1
Q4
LµνW
µν , (3)
where αe is the electromagnetic coupling and s = (p +
L1)
2 is the invariant mass of the lepton-nucleon collision
system. The leptonic tensor Lµν is given by:
Lµν =
1
2
Tr[/L1γµ/L2γν ]. (4)
The hadronic tensor Wµν is defined as:
Wµν =
∑
X
(2π)4δ4(q + PA − PX)
× 〈A|Jµ(0)|X〉〈X |Jν(0)|A〉. (5)
In the above expression, |A〉 represents the initial state
of an incoming nucleus A, |X〉 denotes the final hadronic
(or partonic) states, and the sum over X runs over all
possible final states except the outgoing hard quark jet
and the radiated real photon. The electromagnetic cur-
rent Jµ = Qqψqγ
µψ is for a quark of flavor q and the
electric charge Qq (in unit of the positron charge e). The
hadronic tensor contains the detailed information about
the final state interaction between the stuck quark and
the traversed dense nuclear medium, and is the main fo-
cus of our current work.
In Fig. 1 we show the photon bremsstrahlung process
in the semi-inclusive DIS at leading twist. In this work,
we use the light-cone gauge (A− = 0), and other types
of diagrams are power-suppressed. Fig. 1 represents the
process that a hard quark is first excited by the virtual
photon from one nucleon of the nucleus, then radiates
a real hard photon and exits without further interaction
3AP AP
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0 y0
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FIG. 1: Leading twist contribution to the hadronic tensor.
with the nuclear medium. One may first write down the
expression of the hadronic tensor for Fig. 1 as follows:
WAµν0 =
∑
q
Q4qe
2
∫
d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
×
∫
d4y0e
iq·y0
∫
d4z
∫
d4z′
∫
d4q1
(2π)4
∫
d4q′1
(2π)4
× e−iq1·(y0−z)e−iq′1·(z′−y′0)e−ilq·(z−z′)e−il·(z−z′)
× 〈A|ψ¯(y0)γµ /
q
1
q21 − iǫ
γα/l qγ
β /q
′
1
q′21 + iǫ
γνψ(0)|A〉
× Gαβ(l). (6)
Here Gαβ(l) is the sum of the photon’s polarizations:
Gαβ(l) = −gαβ + nαlβ + nβlα
n · l , (7)
where n = [1, 0,0⊥] is the light-cone vector (n · l = l−).
To simplify the above expression, we may first integrate
over the photon radiation locations z, z′ and obtain two
momentum conservation δ functions. Then we may per-
form the integration over the four-momenta q1, q
′
1, and
get the relation q1 = q
′
1 = p0 + q. By re-introducing the
four-momentum p0 = lq + l − q, the hadronic tensor can
be written as follows:
WAµν0 =
∑
q
Q4qe
2
∫
d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
×
∫
d4p0
(2π)4
(2π)4δ4(q + p0 − lq − l)
∫
d4y0e
−ip0·y0
× 〈A|ψ¯(y0)γµ /
q
1
q21 − iǫ
γα/l qγ
β /q
′
1
q′21 + iǫ
γνψ(0)|A〉
× Gαβ(l). (8)
Considering the limit of very high energy and collinear
radiation, one can neglect the ⊥-component of quark field
operators and factor out the one-nucleon state from nu-
cleus state as follows:
〈A|ψ¯(y0)Oˆψ(0)|A〉 = ACAp 〈p|ψ¯(y0)Oˆψ(0)|p〉
≈ ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉Tr[γ
−
2
Oˆ], (9)
where CAp denotes the probability of finding a nucleon
state with a momentum p inside the nucleus A. γ+ and
γ− are defined as:
γ+ =
1√
2
(γ0 + γ3), γ− =
1√
2
(γ0 − γ3). (10)
Now we can first integrate out the four-momentum lq,
and then use the photon on-shell condition δ(l2) to in-
tegrate over l+, i.e., l+ = l2⊥/(2l
−). The final quark’s
on-shell condition gives,
(2π)δ(l2q) =
2π
2p+q−(1− y)δ(x0 − xB − xL), (11)
where y = l−/q− is the fraction of the forward mo-
mentum carried by the radiated photon from the parent
quark, and the momentum fraction xL = l
2
⊥/[2p
+q−y(1−
y)] is related to the photon formation time as: τform =
1/(xLp
+). Using the final quark’s on-shell condition, one
may now integrate out the momentum p+0 = p
+x0. The
integration over y+0 and y0⊥ gives a three-δ-function,
which can be used to integrate over p−0 , p0⊥ and sets
p−0 → 0 and p0⊥ → 0. With the above simplifications,
the hadronic tensor now reads:
WAµν0 = AC
A
p
∑
q
Q4q
αe
2π
∫
dy
∫
d2l⊥
πl2⊥
(2π)fq(xB + xL)
8p+(q−)2xL
× Tr[γ
−
2
γµ/q1γ
α/l qγ
β
/q
′
1
γν ]Gαβ(l), (12)
where fq(x) is the quark parton distribution function,
with x the fraction of the forward momentum carried by
the quark from the nucleon. It is given as:
fq(x) =
∫
dy−0
2π
e−ixp
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉. (13)
One may carry out the trace using the commutation re-
lations of γ matrices: {γ+, γ−} = 2, {γ±, γ±} = 0, and
{γ±, γ⊥} = 0. The final expression for the hadronic ten-
sor at leading twist takes the following form:
dWAµν0
dl2⊥dy
= ACAp
∑
q
Q4q
αe
2π
P (y)
l2⊥
(−gµν⊥ )(2π)fq(xB + xL), (14)
where P (y) = [1 + (1 − y)2]/y is the quark-to-photon
splitting function, and gµν⊥ = g
µν − gµ−gν+ − gµ+gν−.
In the following, we investigate the effect of single and
multiple scatterings experienced by the propagating hard
quark on the photon bremsstrahlung process.
III. PHOTON BREMSSTRAHLUNG FROM
SINGLE SCATTERING
In this section, we present the computation of medium-
induced single photon radiation spectrum from a hard
quark undergoing a single scattering from the dense nu-
clear medium. This corresponds to the contribution in-
volving twist-four parton distribution in the nucleus as
4compared to the leading twist contribution presented in
the previous section. Fig. 2 shows the central-cut dia-
grams at the twist-four level, i.e., diagrams with a sin-
gle scattering in both the amplitude and the complex
conjugate. The non-central-cut diagrams at the twist-
four level, i.e., two gluon insertions in the amplitude and
zero insertion in the conjugate (or vice versa), are shown
in Fig. 3. One may write down the expressions for the
hadronic tensors for all the diagrams listed in Fig. 2 and
Fig. 3, and compute their contributions to the single
photon radiation spectrum. Here we only provide the
details for the calculation of Fig. 2(a). The calculations
for other diagrams are analogous and their main results
are provided in the Appendix.
Our goal is to derive a closed expression for single
photon radiation spectrum by a quark jet when travers-
ing and interacting with a dense nuclear matter. For
this purpose, we use the following power counting for
the exchanged gluons between the hard quark and the
medium constituents. We use Q for the hardest mo-
mentum scale and λ for a small dimensionless param-
eter, i.e., λQ denotes a softer momentum scale. If one
considers a nearly on-shell projectile parton with a mo-
mentum q = (q+, q−, q⊥) ∼ (λ2Q,Q, 0) scattering off a
nearly on-shell target parton traveling in the opposite
direction with a momentum ∼ (Q, λ2Q, 0), then the ex-
changed gluons will be the standard Glauber gluons, i.e.,
the gluons carry momenta ∼ (λ2Q, λ2Q, λQ) [54]. If one
allows the target parton not to be on shell, then the ex-
changed gluons can carry a longitudinal momentum com-
ponent of the order of the transverse components, i.e.,
∼ (λ2Q, λQ, λQ); one sometimes refers to such gluons
as the longitudinal-Glauber gluons [44]. We will inves-
tigate the effect of transverse and longitudinal momen-
tum transfers (of the same order) on the photon radia-
tion spectrum from a hard quark which interacts with
the medium constituent via either single (this section) or
multiple (next section) scatterings.
Fig. 2(a) shows the process that a hard virtual photon
strikes a quark in the nucleus with momentum p′0 (p0
in the complex conjugate) at the location y′0 = 0 (y0 in
the complex conjugate). The struck quark is then sent
back to the nucleus, carrying momentum q′1 (q1 in the
complex conjugate). During its propagating through the
nucleus, the hard quark scatters off the gluon field at
the location y′1 (y1 in the complex conjugate), and picks
up a momentum p′1 (p1 in the complex conjugate). We
denote the radiated photon’s momentum as l and the
final outgoing quark’s momentum as lq. The contribution
to the hadronic tensor from Fig. 2(a) is given by:
WAµν(a) =
∑
q
Q4qe
2g2
1
Nc
Tr
[
T a1T a
′
1
] ∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
∫
d4y0e
iq·y0
∫
d4y1
∫
d4y′1
∫
d4z
∫
d4z′
×
∫
d4q1
(2π)4
e−iq1·(y0−z)
∫
d4q¯1
(2π)4
e−iq¯1·(z−y1)e−il·(z−z
′)e−ilq·(y1−y
′
1)
∫
d4q¯′1
(2π)4
e−iq¯
′
1·(y
′
1−z
′)
∫
d4q′1
(2π)4
e−iq
′
1·(z
′−y′0)
× 〈A|ψ¯(y0)γµ /
q
1
q21 − iǫ
γα
/¯q1
q¯21 − iǫ
/A
a1
(y1)/lq /A
a′1(y′1)
/¯q′1
q¯′21 + iǫ
γβ
/q′1
q′21 + iǫ
γνψ(0)|A〉Gαβ(l). (15)
To simplify the above expression, one may first isolate the phase factor associated with the photon insertion locations
z and z′: e−i(q¯1+l−q1)·zei(q¯
′
1+l−q
′
1)·z
′
. After integrating out the locations z and z′, one may obtain two δ functions
to perform the integrations for the momenta q¯1 and q¯
′
1, yielding q¯1 = q1 − l and q¯′1 = q′1 − l. Using the momentum
conservation at each interaction vertex, one can write down the following relations for various momenta in Fig. 2(a):
p0 = q1 − q, p1 = lq − q¯1; p′0 = q′1 − q, p′1 = lq − q¯′1. (16)
From the above relations, one may change the integration variables: q1 → p0 and q′1 → p′0. Re-introducing the
four-momentum p1 = q + p0 − l − lq, the phase factor for the hadronic tensor becomes: e−ip0·y0e−ip1·y1eip′1·y′1 . In
this work, we perform the calculation in the light-cone gauge (A− = 0) in the limit of very high energy and collinear
radiation, therfore, the dominant component of the vector potential is the forward (+)-component, which means that
only (−)-component of γ matrices contribute. In such limit, one may ignore the (⊥)-component of the quark field
operators and factor out one-nucleon state from the nucleus state as follows:
〈A|ψ¯(y0)γµOˆγνψ(0)|A〉≈ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉Tr[γ
−
2
γµ
γ+
2
γν ]Tr[
γ−
2
〈A|Oˆ|A〉]. (17)
5q q
l
p′0 p0p
′
1 p1
0 y
′
1 y1
q′1 lq q1
(a)
q¯′1 q¯1
p′0
AP
p′1 p1 p0
AP
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′
1 y1 y0
q
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′
2 lq
l
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′
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APAP
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AP
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q l q
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′
2 lq q¯1 q1
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AP
FIG. 2: Central-cut diagrams: a single scattering with the medium in both the amplitude and the complex conjugate.
With the above simplifications, the hadronic tensor can be written as the following form:
WAµν(a) =
∑
q
Q4qe
2g2
1
Nc
Tr
[
T a1T a
′
1
] ∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
∫
d4y0
∫
d4y1
∫
d4y′1e
−ip0·y0e−ip1·y1eip
′
1·y
′
1
×
∫
d4p0
(2π)4
∫
d4p′0
(2π)4
∫
d4p1
(2π)4
(2π)4δ4(l + lq − p0 − p1 − q) 1
q21 − iǫ
1
q¯21 − iǫ
1
q′21 + iǫ
1
q¯′21 + iǫ
× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|A+a1(y1)A+a
′
1 (y′1)|A〉 × Tr
[
γ−
2
/q1γ
α/¯q1γ
−/l qγ
−/¯q
′
1
γβ/q
′
1
]
Gαβ(l). (18)
To further simplify the above expression, we look at the quark lines before and after the photon emission point,
q21 = (q + p0)
2 = 2p+q−(1 + x−0 )[−xB + x0 − xD0],
q¯21 = (q + p0 − l)2 = 2p+q−(1 + x−0 − y)[−xB + x0 − xC0], (19)
where we have defined the momentum fractions,
x¯i =
i∑
j=0
xj =
i∑
j=0
p+j
p+
; x¯−i =
i∑
j=0
x−j =
i∑
j=0
p−j
q−
;
x¯Di =
i∑
j=0
xDj =
(
∑i
j=0 pj⊥)
2
2p+q−(1 + x¯−i )
; x¯Ci =
i∑
j=0
xCj = xL(1 − y) +
(
∑i
j=0 pj⊥ − l⊥)2
2p+q−(1 + x¯−i − y)
. (20)
The momenta q′1 and q¯
′
1 may be treated in a similar way. In terms of the above momentum fractions, the on-shell
condition for the final outgoing quark lq gives,
(2π)δ(l2q) =
1
2p+q−(1 + x¯−1 − y)
(2π)δ(−xB + x¯1 − x¯C1). (21)
Combining the contributions from the denominators from all the internal quark lines and the on-shell condition for
the outgoing quark, one obtains:
Dq =
Cq
(2p+q−)5
(2π)δ(−xB + x¯1 − x¯C1)
× 1−xB + x0 − xD0 − iǫ
1
−xB + x0 − xC0 − iǫ
1
−xB + x′0 − x′D0 + iǫ
1
−xB + x′0 − x′C0 + iǫ
(22)
60
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FIG. 3: Non-central-cut diagrams: two gluon insertions in the amplitude and zero in the complex conjugate (or vice versa).
where Cq stands for
Cq =
1
1 + x−0
1
1 + x−0 − y
1
1 + x′−0
1
1 + x′−0 − y
1
1 + x¯−1 − y
(23)
As for the numerators of the quark lines (the trace part), we note the following decomposition of the photon polar-
ization sum Gαβ :
G+− = G−+ = 0; G++ =
2l+
l−
; G⊥+ = G+⊥ =
l⊥
l−
; Gαβ⊥⊥ = −gαβ⊥ . (24)
One may perform contraction of the trace with various components ofGαβ(l). The terms combining with the projection
G⊥⊥ render:
N⊥⊥ =
2(2q−)
3
Cq
[
p0⊥ · p′0⊥
(1 + x−0 )(1 + x
′−
0 )
+
(p0⊥ − l⊥) · (p′0⊥ − l⊥)
(1 + x−0 − y)(1 + x′−0 − y)
]
. (25)
Similarly, the terms related to the projection G++ give,
N++ =
4(2q−)3
Cq
l2⊥
y2
. (26)
The terms associated with the projections G+⊥ and G⊥+ read,
N⊥+ +N+⊥ = −2(2q
−)3
Cq
1
y
[
p0⊥ · l⊥
(1 + x−0 )
+
p′0⊥ · l⊥
(1 + x′−0 )
+
(p0⊥ − l⊥) · l⊥
(1 + x−0 − y)
+
(p′0⊥ − l⊥) · l⊥
(1 + x′−0 − y)
]
. (27)
7After the above simplifications, the hadronic tensor takes the following form,
WAµν(a) =
∑
q
Q4qe
2g2
1
Nc
Tr
[
T a1T a
′
1
] ∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq − p0 − p1 − q)
×
∫
d4y0
∫
d4y1
∫
d4y′1
∫
d3p0dx0
(2π)4
∫
d3p1dx1
(2π)4
∫
d3p′0dx
′
0
(2π)4
×
(
e−ip0·y0e−ip1·y1eip
′
1·y
′
1
)(
e−ix0p
+y−
0 e−ix1p
+y−
1 eix
′
1p
+y′−
1
)
(2π)δ(−xB + x¯1 − x¯C1)
× 1−xB + x0 − xD0 − iǫ
1
−xB + x0 − xC0 − iǫ
1
−xB + x′0 − x′D0 + iǫ
1
−xB + x′0 − x′C0 + iǫ
× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|A+a1 (y1)A+a
′
1(y′1)|A〉
× 2
(2p+q−)2
1 +
(
1− y
1+x−
0
)(
1− y
1+x′−
0
)
y2
(
1− y
1+x−
0
)(
1− y
1+x′−
0
) (l⊥ − y
1 + x−0
p0⊥
)
·
(
l⊥ − y
1 + x′−0
p′0⊥
)
. (28)
In the above expression, we have changed the integration variables p+i → xi and p′+j → x′j . For easy writing, the three-
vector notations are utilized here for the momentum and coordinate space variables: p = (p−,p⊥) and y = (y
+,y⊥);
their dot product reads as: p · y = p−y+ − p⊥ · y⊥.
Now we perform the integration over the momentum fractions x0, x1 and x
′
0. The corresponding phase factors read
as follows:
Γ+ = e−ix0p
+y−
0 e−ix1p
+y−
1 eix
′
1p
+y′−
1 = e−ix0p
+(y−
0
−y′1
−)e−ix1p
+(y−
1
−y′1
−)eix
′
0p
+(y′−
0
−y′−
1
) (29)
where we have used the overall momentum conservation p′1 = p0+p1−p′0. One may first integrate out the momentum
fraction x1 using the on-shell condition 2πδ(−xB + x¯1 − x¯C1) for the outgoing quark line, then the phase factor
becomes:
Γ+ =
(
e−i(xB+x¯C1)p
+y−
1 e−ix0p
+(y−
0
−y−
1
)
)(
ei(xB+x¯
′
C1)p
+y′−
1 eix
′
0p
+(y′−
0
−y′−
1
)
)
= Γ+1 Γ
′+
1 , (30)
where Γ+1 and Γ
′+
1 denote the the parts associated with the amplitude and the complex conjugate. With the help of
the contour integration technique, the integrations over the momentum fractions x0 and x
′
0 may be performed. The
x0 integral may be carried out by closing the contour with a counter-clockwise semi-circle in the upper half of the x0
complex plane:
∫
dx0
2π
e−ix0p
+(y−
0
−y−
1
)
(−xB + x0 − xC0 − iǫ)(−xB + x0 − xD0 − iǫ)
= iθ(y−1 − y−0 )e−ixBp
+(y−
0
−y−
1
) e
−ixC0p
+(y−
0
−y−
1
) − e−ixD0p+(y−0 −y−1 )
xC0 − xD0 . (31)
Two terms in the equation represent the fact that each one of the propagators is close to on-shell, and the θ-function
means that the quark line propagates from y−0 to y
−
1 . We can now collect the phase factor as follows:
Γ+1 → iθ(y−1 − y−0 )e−ixBp
+y−
0 e−ixD0p
+y−
0 e−ixC1p
+y−
1
e−iδxD0p
+y−
0 − e−iδxD0p+y−1
δxD0
, (32)
where for convenience we have defined the momentum fraction variables δxDi = xCi−xDi (as well as δx¯Di = x¯Ci−x¯Di,
δx′Di = x
′
Ci − x′Di, and δx¯′Di = x¯′Ci − x¯′Di). The integration over x′0 is completely analogous, except that we close the
contour with a clockwise semi-circle in the upper half of the complex plane, and associated with the θ function is a
factor of (−i) instead of i. After the integrations over the momentum fractions x0, x1 and x′0 in the quark lines have
8been done, the hadronic tensor reads as follows:
WAµν(a) =
∑
q
Q4qe
2g2
1
Nc
Tr
[
T a1T a
′
1
] ∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq − p0 − p1 − q) (33)
×
∫
d4y0
∫
d4y1
∫
d4y′1
∫
d3p0
(2π)3
∫
d3p1
(2π)3
∫
d3p′1
(2π)3
(
e−ip0·y0e−ip1·y1eip
′
1·y
′
1
)
× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|A+a1 (y1)A+a
′
1(y′1)|A〉
(
θ(y−1 − y−0 )θ(y′−1 − y′−0 )
)
e−ixBp
+y−
0
×
(
e−ixD0p
+y−
0 e−ixC1p
+y−
1 eix
′
C1p
+y′−
1
)(
e−iδxD0p
+y−
0 − e−iδxD0p+y−1
)(
1− eiδx′D0p+y′−1
)
× 1
δxD0δx′D0
2
(2p+q−)2
1 +
(
1− y
1+x−
0
)(
1− y
1+x′−
0
)
y2
(
1− y
1+x−
0
)(
1− y
1+x′−
0
) (l⊥ − y
1 + x−0
p0⊥
)
·
(
l⊥ − y
1 + x′−0
p′0⊥
)
,
where we have changed the integral variable: p′0 → p′1 and set the location y′0 = 0. Assuming that in the limit of very
high energy, the nucleus may be approximated by a weakly interacting homogenous gas of nucleons, we can simplify
the matrix elements of the gluon vector potentials in the nucleus state (note that the quark operators has already
been factorized out). Since a nucleon is a color singlet, one may express the expectation of field operators in the
nucleus states in terms of the expectations in the nucleon states as follows:
〈A|A+a1(y1)A+a
′
1(y′1)|A〉 =
(
ρ
2p+
)
δa1a′1
N2c − 1
〈p|A+(y1)A+(y′1)|p〉, (34)
where ρ is the nucleon density inside the nucleus. Also in the above expression, we have averaged the colors of gluon
field operators. With the above simplification, the trace for the color matrices can be easily evaluated,
1
Nc
δa1a′1Tr
[
T a1T a
′
1
]
= CF . (35)
For conveinence, we change the four-vector location variables (y1, y
′
1)→ (Y1, δy1),
Y1 =
1
2
(y1 + y
′
1); δy1 = y1 − y′1. (36)
Using the translational invariance of the correlation functions, 〈p|A+(y1)A+(y′1)|p〉 ≈ 〈p|A+(δy1)A+(0)|p〉, the inte-
gration for the phase factor can be performed:∫
d3y1
∫
d3y′1e
−ip1·y1eip
′
1·y
′
1 = (2π)3δ3(p1 − p′1)
∫
d3δy1e
−i(p1+p
′
1)·
δy1
2 . (37)
In the above expression, the δ function represents the fact that the two gluon field insertions in the amplitude and the
complex cojugate carry the same momentum, p′1 = p1, which also implies p
′
0 = p0. The δ functions may be utilized
to carry out the integration over the momentum p′1. Recalling the expressions for the momentum fractions xD0 and
xC0, one may obtain the momentum fractions δxD0 as follows:
δxD0 = xC0 − xD0 =
(
l⊥ − y1+x−
0
p0⊥
)2
2p+q−y(1− y
1+x−
0
)
= xL. (38)
The expressions for δx′D0 are completely analogous. We may further perform the integrations over the momentum p0
and the location y0, rendering p0 = 0. Using the above results, one may obtain the hard part of the matrix element
(the last line of the hadronic tensor, denoted as T(a)) as:
T(a) =
2yP (y)
l2⊥
. (39)
Now we simplify the phase factor (the second last line in the hadronic tensor). Keeping only the leading contribution,
the phase factor (denoted as S(a)) can be obtained as:
S(a) ≈ e−ixLp
+y−
0 (1− e−ixLp+(Y −1 + 12 δy−1 −y−0 ))(1 − eixLp+(Y −1 − 12 δy−1 )). (40)
9We further note that Y −1 is the location of the photon insertion location which spans over the size of the nucleus,
while y−0 and δy
−
1 are confined within the size of one nucleon. Thus, y
−
0 and δy
−
1 is much smaller than Y
−
1 and the
phase factor may be further approximated as:
S(a) ≈ e−ixLp
+y−
0 [2− 2 cos(xLp+Y −1 )]. (41)
With the above simplifications, the hadronic tensor reads as follows:
WAµν(a) = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
×
∫
dY −1
∫
dδy−1
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δy1
∫
d3p1
(2π)3
e−ip1·δy1〈p|A+(δy1)A+(0)|p〉
× [2− 2 cos(xLp+Y −1 )]δ3(l+ lq − p1 − q). (42)
The above expression is the contribution to the hadronic tensor from Fig.2(a). The calculations for other diagrams
in Fig. 2 and Fig. 3 are completely analogous; their main results are provided in the Appendix. Summing over the
contributions from all central-cut diagrams in Fig. 2 and carrying out the integral
∫ L−
0 dY
−
1 (assuming a homogeneous
medium and the transport coefficients DL1, DL2 and DT2 are position independent), the hadronic tensor contributed
from all central-cut diagrams reads as follows:
WAµν(abcd) = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)
× L−
∫
dδy−1
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δy1
∫
d3p1
(2π)3
e−ip1·δy1〈p|A+(δy−1 , δy1)A+(0)|p〉
×
[
1 +
y(1− y)
1 + (1− y)2FL
p1
−
q−
+ yFL
l⊥ · p1⊥
l2⊥
+
y
1 + (1− y)2 {y − (1− y)FL}
(
p−1
q−
)2
+ y2(1− FL)p
2
1⊥
l2⊥
+2y2FL
(l⊥ · p1⊥)2
l4⊥
+
{
y2(1 − y)
1 + (1− y)2 (2 + FL)− yFL
}
p1
−
q−
· l⊥ · p1⊥
l2⊥
]
δ3(l+ lq − p1 − q). (43)
where
FL =
2 sin(xLp
+L−)
xLp+L−
(44)
In the above expression, we have kept terms in the hard parts of matrix elements up to the second order in
p−
1
q− and
p1⊥
l⊥
and their cross terms, to be consistent with the momentum gradient expression up to the second order as will be
done in a short moment. Summing over the contributions from all non-central cut diagrams in Fig. 3 and carrying
out the integral
∫ L−
0 dY
−
1 , the hadronic tensor contributed from all non-centra-cut diagrams read as follows:
WAµν(efdghi) ≈ (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)
× (−L−)
∫
dδy−1
(
g2
CF
N2c − 1
ρ
2p+
)
〈p|A+(δy−1 )A+(0)|p〉
× δ3(l+ lq − q). (45)
To do further simplification, we introduce the momentum gradient expansion for the hard part H(p1) (the last two
lines of WAµν(abcd) and the last line of W
Aµν
(efdghi)). Assuming the momentum exchange between the hard parton and
medium constituents is small, one may expand H(p1) as a series of the Taylor expansion in the three-dimensional
momenta p1 = (p
−
1 ,p1⊥) around p1 → 0:
H =
[
1 + pα1
∂
∂pα1
+
1
2
pα1 p
β
1
∂
∂pα1
∂
∂pβ1
+ · · ·
]
H |p1=0, (46)
where α and β take the values: “−” or “⊥”. In the above expansion, we have only kept the terms up to the
second order derivative in both longitudinal and transverse momenta. High-order terms are neglected and should be
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straightforward to include in the gradient expansion; they correspond to higher-order moments for the momentum
distribution of the exchanged gluons. The zeroth order term (without momentum derivative) represents the case
where the exchanged gluon carry zero momenta; it contributes to the gauge corrections to the leading twist results,
and will not be considered further [25, 55–57]. One may notice that non-central-cut diagrams only contribute to the
zeroth order term in the above gradient expansion, thus do not physically contribute to medium-induced single photon
radiation. Now performing the integration over p1 by part, one may obtain:
〈p|A+(δy1)A+(0)|p〉e−p1·δy1pα1
∂
∂pα1
= e−p1·δy1(−i)〈p|∂αA+(δy1)A+(0)|p〉 ∂
∂pα1
, (47)
〈p|A+(δy1)A+(0)|p〉e−p1·δy1pα1 pβ1
∂
∂pα1
∂
∂pβ1
= e−p1·δy1〈p|∂αA+(δy1)∂βA+(0)|p〉 ∂
∂pα1
∂
∂pβ1
. (48)
We note the condition p1 → 0 imposed by the Taylor expansion. This means that the hard part H(p1) no longer
depends on p1, thus the integrations for p1 and δy1 may be directly carried out. Then the hadronic tensor may be
written as follows:
WAµν = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)φ(L
−, l−q , lq⊥) (49)
where
φ(L−, l−q , lq⊥) = L
−
[
−DL1 ∂
∂p−1
+
1
2
DL2
∂2
∂2p−1
+
1
2
DT2∇p21⊥
]
H |p1=0. (50)
Here we consider the unpolarized initial and final states and only keep the terms with non-vanishing coefficients by
using the symmetry of the system. The parton transport coefficients DL1, DL2, DT2 are defined as follows:
DL1 = g
2 CF
N2c − 1
∫
dy−
ρ
2p+
〈p|i∂−A+(y−)A+(0)|p〉, (51)
DL2 = g
2 CF
N2c − 1
∫
dy−
ρ
2p+
〈p|∂−A+(y−)∂−A+(0)|p〉, (52)
DT2 = g
2 CF
N2c − 1
∫
dy−
ρ
2p+
〈p|∂⊥A+(y−)∂⊥A+(0)|p〉. (53)
Up to an overall factor, the transport coefficients DL1, DL2 and DT2 are equivalent to eˆ (the longitudinal momentum
loss rate), eˆ2 (longitudinal momentum diffusionrate), and qˆ (the transverse momenta broadening rate), respectively
[44]. We should point out that the above definitions of parton transport coefficients are not gauge-invariant. To obtain
the gauge-invariant definitions of these transport coefficients, one needs to resum all the diagrams with arbitrary
numbers of soft gluon insertions, which gives the Wilson lines between the gluon field operators. One may find more
discussions on gauge-invariant definition of qˆ in Ref. [58, 59].
We now analyze the seven terms in the hard part H one by one:
H = H0 +H
(1)
− +H
(1)
⊥ +H
(2)
− +H
(2)
⊥,1 +H
(2)
⊥,2 +H
(2)
−⊥. (54)
Accordingly, the distribution function φ(L−, l−q , lq⊥) is also splitted into seven contributions:
φ = φ(0) + φ
(1)
− + φ
(1)
⊥ + φ
(2)
− + φ
(2)
⊥,1 + φ
(2)
⊥,2 + φ
(2)
−⊥. (55)
One can directly read off the contribution from the term H0:
φ(0) = L−
[
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
]
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥), (56)
where the derivative over p1 has been converted to the derivative over lq. The distribution function φ
(1)
− (L
−, l−q , lq⊥)
reads as:
φ
(1)
− = L
−
[
−DL1 ∂
∂p−1
+
1
2
DL2
∂2
∂2p−1
+
1
2
DT2∇p21⊥
]{
y(1− y)
1 + (1− y)2FL
p1
−
q−
δ3(l+ lq − p1 − q)
}
|p1=0 (57)
Performing the derivative over p1 and then converting it to the derivative over lq, one obtains:
φ
(1)
− =
y(1− y)
1 + (1− y)2FL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥). (58)
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The analysis for other five terms are completely analogous, and they read as:
φ
(1)
⊥ = yFL
(
−DT2L
−
l2⊥
l⊥ · ∇lq⊥
)
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥);
φ
(2)
− =
y
1 + (1− y)2 {y − (1− y)FL}
DL2L
−
q−2
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥);
φ
(2)
⊥,1 = 2y
2(1 − FL)DT2L
−
l2⊥
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥);
φ
(2)
⊥,2 = 2y
2FL
DT2L
−
l2⊥
δ(l−q − q−(1 − y))δ2(lq⊥ + l⊥);
φ
(2)
−⊥ = 0. (59)
Putting seven contributions together, the hadronic tensor takes the following form:
WAµν = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)
×
{[
DL1L
− ∂
∂l−q
+
1
2
DL2L
− ∂
2
∂2l−q
+
1
2
DT2L
−∇2lq⊥
]
+
y(1− y)
1 + (1− y)2FL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
+yFL
(
−DT2L−
l⊥ · ∇lq⊥
l2⊥
)
+
y
1 + (1− y)2 [y − (1− y)FL]
DL2L
−
q−2
+ 2y2
DT2L
−
l2⊥
}
× δ(l−q − q−(1− y))δ2(lq⊥ + l⊥) (60)
In the extremely high energy and collinear limits where the exchanged momentum between the hard parton and
medium is small, one can perform the integration over the three-dimensional momentum of the final outgoing quark
lq = (l
−
q , lq⊥), and obtain the single-differential hadronic tensor as follows:
dWAµν
dydl2⊥
= (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
P (y)
l2⊥
(2π)fq(xB + xL)
×
{
− y(1− y)
1 + (1− y)2FL
DL1L
−
q−
+
y
1 + (1− y)2 [y − (1 − y)FL]
DL2L
−
q−2
+ 2y2
DT2L
−
l2⊥
}
(61)
From the above expression, one may read off the medium-induced photon bremsstrahlung spectrum:
dNmedγ
dydl2⊥
=
αe
2π
P (y)
l2⊥
{
− y(1− y)
1 + (1− y)2FL
DL1L
−
q−
+
y
1 + (1 − y)2 [y − (1− y)FL]
DL2L
−
q−2
+ 2y2
DT2L
−
l2⊥
}
, (62)
where y is the fraction of the forward momentum car-
ried by the radiated photon from the quark, and l⊥ is
the transverse momentum of the radiated photon. One
can clearly see the individual contributions from the drag
and the diffusions of the longitudinal momentum and
the transverse momentum diffusion to the single pho-
ton bremsstrahlung spectrum. A notable result is that
unlike the transverse momentum broadening which in-
duces additional radiation in medium, the longitudinal
momentum loss (the drag) tends to suppress the medium-
induced photon radiation. Another interesting observa-
tion is that the contributions from the drag and diffusions
decouple for the single photon emission spectrum. This
is due to the fact that we have only kept the terms up to
the second order in the momentum gradient expansion.
In principle, one would expect to receive the contribution
from the coupling between the drag and diffusions of the
hard parton’s momentum when higher order terms are
included in the momentum gradient expansion.
IV. PHOTON BREMSSTRAHLUNG FROM
MULTIPLE SCATTERINGS
In the previous section, we have computed medium-
induced photon radiation spectrum from a hard quark
undergoing a single scattering from the dense medium,
which corresponds to the contribution involving twist-
four parton distribution in the nucleus. In this section,
we consider the photon bremsstrahlung process from a
quark jet which experiences multiple scatterings with the
medium constituents. This corresponds to higher twist
contribution, i.e., containing more partonic operators in
the medium. Higher twist contribution is usually sup-
12
pressed by powers of the hard scale Q2, but a sub-class
of these contributions may be length-enhanced for an ex-
tended medium [24–26]. In this section, we we will isolate
and resum the length-enhanced higher twist contribution
to the photon bremsstrahlung process from a hard quark
jet. We also compare the result from the resummation of
multiple scatterings to that for single scattering.
Fig. 4 shows the generic diagram for the photon
bremsstrahlung process from a hard quark jet undergo-
ing multiple scatterings in the dense nuclear medium (m
scatterings in the amplitude and n scatterings in the com-
plex conjugate). A hard virtual photon strikes a quark
with momentum p′0 in the amplitude (p0 in the complex
conjugate) in the nucleus at the location y′0 = 0 in the
amplitude (y0 in the complex conjugate), and the struck
quark is then sent back to the nucleus. During its prop-
agation, the hard quark with momentum q′1 (q1 in the
complex conjugate) scatters off the gluon fields in the
nucleus at the locations y′j with 0 < j < m (yi in the
complex conjugate with 0 < i < n), and picks up mo-
mentum p′j (pi in the complex conjugate) via each scat-
tering with the medium constituents. The photon with
momentum l is radiated from the hard quark at the loca-
tion z between the locations yq and yq+1 (at the location
z′ between the locations yp and yp+1 in the complex con-
jugate). Here the momenta of the quark lines after the
scattering at the location y′j are denoted as: q
′
j+1 with
j ≤ q before the photon emission, and q¯′j+1 with j > q
after the photon emission (at the location yi: qi+1 with
i ≤ p, and q¯i+1 with i > p, respectively, in the complex
conjugate). The quark lines before and after the photon
radiation vertex are denoted as q′q+1 and q¯
′
q+1 = q
′
q+1− l
(qp+1 and q¯p+1 = qp+1−l in the complex conjugate). The
final outgoing quark carries the momentum lq. One may
write down the hadronic tensor for Fig. 4 as follows:
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr


(
n∏
i=1
T ai
)
 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q)
×
∫
d4y0e
iq·y0
(
n∏
i=1
∫
d4yi
)
 m∏
j=1
∫
d4y′j

∫ d4z ∫ d4z′
×
(
p∏
i=1
∫
d4qi
(2π)4
e−iqi·(yi−1−yi)
)(∫
d4qp+1
(2π)4
e−iqp+1·(yp−z)e−il·z
∫
d4q¯p+1
(2π)4
e−iq¯p+1·(z−yp+1)
)
×

 n∏
i=p+2
∫
d4q¯i
(2π)4
e−iq¯i·(yi−1−yi)

 e−ilq·(yn−y′m)

 m∏
j=q+2
∫
d4q¯′j
(2π)4
e−iq¯
′
j ·(y
′
j−y
′
j−1)


×
(∫
d4q¯′q+1
(2π)4
e−iq¯
′
q+1·(y
′
q+1−z
′)eil·z
′
∫
d4q′q+1
(2π)4
e−iq
′
q+1·(z
′−y′q)
)
 q∏
j=1
∫
d4q′j
(2π)4
e−iq
′
j ·(y
′
j−y
′
j−1)


× 〈A|ψ¯(y0)γµ
(
p∏
i=1
/qi
q2i − iǫ
/A
ai(yi)
)
/qp+1
q2p+1 − iǫ
γα

 n∏
i=p+1
/¯qi
q¯2i − iǫ
/A
ai(yi)

 /l q
×

 q+1∏
j=m
/A
a′j (y′j)
/¯q
′
j
q¯′2j + iǫ

 γβ /q′q+1
q′2q+1 + iǫ

 1∏
j=q
/A
a′j (y′j)
/q
′
j
q′2j + iǫ

 γνψ(0)|A〉Gαβ(l). (63)
The simplification of the above hadronic tensor is analogous to the case of single scattering presented in the
previous section. We first isolate the phase factor associated with the photon insertion locations z and z′:
e−i(q¯p+1+l−qp+1)·zei(q¯
′
q+1+l−q
′
q+1)·z
′
. The integrations over the locations z and z′ can be simply carried out and produce
two δ functions, which we can be used to integrate over the momenta q¯p+1 and q¯
′
q+1. The remaining phase factor may
be collected as:
(∏n
i=1 e
−ipi·yi
) (∏m
j=1 e
ip′j ·y
′
j
)
. Using the momentum conservation at each interaction vertex, we may
write down the following relations for various momenta shown in Fig. 4:
qi+1 = q +Ki = q +
∑i
j=0 pj , (i ≤ p+ 1); q¯i+1 = q +Ki − l = q +
i∑
j=0
pj − l, (i ≥ p+ 1);
q′i+1 = q +K
′
i = q +
∑i
j=0 p
′
j , (i ≤ q + 1); q¯′i+1 = q +K ′i − l = q +
i∑
j=0
p′j − l, (i ≥ q + 1). (64)
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FIG. 4: The generic diagram for photon bremsstrahlung process from a quark undergoing multiple scatterings with the medium.
The new variables Ki =
∑i
j=0 pi and K
′
i =
∑i
j=0 p
′
i represent the total momentum exchanged between the hard quark
and the dense nuclear medium. Using the above relations, one may change the integration variables qi+1 → pi and
q¯′j+1 → p′j . We may re-introduce the n-th momentum pn by inserting the identity:
∫
d4pn
(2π)4
(2π)4δ4(l + lq −Kn−1 − pn − q) = 1. (65)
Note that the m-th momentum p′m may be obtained as: p
′
m = Kn−K ′m−1. As mentioned in the previous section, we
will perform the calculation in the light-cone gauge (A− = 0) in the Breit frame in the limit of very high energy, the
dominant component of the vector potential is the forward (+)-component. Since the non-zero contribution involving
A⊥ term appears as (γ · qi⊥)(γ · Aai⊥ ), which is two-order smaller than that containing A+ term, we may neglect A⊥
component and use the approximation /A = γ−A+, i.e, only (−)-component survives for these γ matrices. Similar to
the previous section, one may also factor out one-nucleon state from the nucleus state and ignore the (⊥)-component
of the quark field operators. With the above simplifications, the hadronic tensor now takes the following form:
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr

( n∏
i=1
T ai
) 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)δ(l2q) (66)
×
∫
d4y0
(
n∏
i=1
∫
d4yi
)
 m∏
j=1
∫
d4y′j


(
n−1∏
i=0
d4pi
(2π)4
)
m−1∏
j=0
∫
d4p′j
(2π)4

∫ d4pn
(2π)4
(2π)4δ4(l + lq −Kn − q)
×
(
n∏
i=0
e−ipi·yi
)
 m∏
j=1
eip
′
j ·y
′
j


(
p+1∏
i=1
1
q2i − iǫ
)
 n∏
i=p+1
1
q¯2i − iǫ



q+1∏
j=1
1
q′2j + iǫ



 m∏
j=q+1
1
q¯′2j + iǫ


× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|
(
n∏
i=1
A+ai(yi)
)
 1∏
j=m
A+a
′
j (y′j)

 |A〉
× Tr

γ−
2
(
p∏
i=1
/qiγ
−
)
/qp+1γ
α

 n∏
i=p+1
/¯qiγ
−

 /l q

 q+1∏
j=m
γ−/¯q′j

 γβ/q′q+1

 1∏
j=q
γ−/q
′
j



Gαβ(l).
We now try to isolate the largest length-enhanced contribution which arises when the maximum number of quark
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lines are close to on-shell. For this purpose, we look at the quark lines before and after the photon emission,
q2i+1 = (q +Ki)
2 = 2p+q−(1 + x¯−i )[−xB + x¯i − x¯Di],
q¯2i+1 = (q +Ki − l)2 = 2p+q−(1 + x¯−i − y)[−xB + x¯i − x¯Ci], (67)
where the following momentum fraction variables are used again for conveineince,
x¯i =
i∑
j=0
xj =
K+i
p+
; x¯−i =
i∑
j=0
x−j =
K−i
q−
;
x¯Di =
i∑
j=0
xDj =
K2i⊥
2p+q−(1 + x¯−i )
; x¯Ci =
i∑
j=0
xCj = xL(1 − y) + (Ki⊥ − l⊥)
2
2p+q−(1 + x¯−i − y)
. (68)
Combining the contributions from the denominators of all the internal quark lines with the on-shell condition of the
final outgoing quark line, one obtains:
Dq =
Cq
(2p+q−)n+m+3
(
p∏
i=0
1
−xB + x¯i − x¯Di
)n−1∏
i=p
1
−xB + x¯i − x¯Ci



 q∏
j=0
1
−xB + x¯′i − x¯′Di


×

m−1∏
j=q
1
−xB + x¯′i − x¯′Ci

 (2π)δ(−xB + x¯n − x¯Cn), (69)
where
Cq =
(
p∏
i=0
1
1 + x¯−i
) n∏
i=p
1
1 + x¯−i − y



 q∏
j=0
1
1 + x¯′−j



m−1∏
j=q
1
1 + x¯′−j − y

 . (70)
Regarding the numerators of the quark lines, one may contract the trace terms with various components of photon
polarization sum Gαβ(l). The terms contracted with the projection G⊥⊥ give,
N⊥⊥ =
2(2q−)n+m+1
Cq
[
Kp⊥ ·K′q⊥
(1 + x¯−p )(1 + x¯
′−
q )
+
(Kp⊥ − l⊥) · (K′q⊥ − l⊥)
(1 + x¯−p − y)(1 + x¯′−q − y)
]
. (71)
Similarly, the terms associated with the projection G++ produce,
N++ =
4(2q−)n+m+1
Cq
l2⊥
y2
. (72)
The terms related to the projections G+⊥ and G⊥+ read,
N⊥+ +N+⊥ = −2(2q
−)n+m+1
Cq
1
y
[
Kp⊥ · l⊥
1 + x¯−p
+
K′q⊥ · l⊥
1 + x¯′−q
+
(Kp⊥ − l⊥) · l⊥
1 + x¯−p − y
+
(K′q⊥ − l⊥) · l⊥
1 + x¯′−q − y
]
. (73)
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With the above simplifications, the hadronic tensor now can be written as the following form:
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr

( n∏
i=1
T ai
) 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq −Kn − q)
×
∫
d4y0
(
n∏
i=1
∫
d4yi
) m∏
j=1
∫
d4y′j

( n∏
i=0
∫
d3pidxi
(2π)4
)m−1∏
j=0
∫
d3p′jdx
′
j
(2π)4


×
(
n∏
i=0
e−ipi·yie−ixip
+y−i
)
 m∏
j=0
eip
′
j ·y
′
je
ix′jp
+y
′−
i


(
p∏
i=0
1
−xB + x¯i − x¯Di − iǫ
)
n−1∏
i=p
1
−xB + x¯i − x¯Ci − iǫ


×

 q∏
j=0
1
−xB + x¯′i − x¯′Di + iǫ



m−1∏
j=q
1
−xB + x¯′i − x¯′Ci + iǫ

 (2π)δ(−xB + x¯n − x¯Cn)
× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|
(
n∏
i=1
A+ai(yi)
)
 1∏
j=m
A+a
′
j (y′j)

 |A〉
× 2
(2p+q−)2
1 +
(
1− y
1+x¯−p
)(
1− y
1+x¯′−q
)
y2
(
1− y
1+x¯−p
)(
1− y
1+x¯′−q
) (l⊥ − y
1 + x¯−p
Kp⊥
)
·
(
l⊥ − y
1 + x¯′−q
K′q⊥
)
. (74)
In the above expression, we have changed the integration variables: p+i → xi = p+i /p+ and p′j+ → x′j = p′j+/p+.
We now perform the integrations over the momentum fractions xi and x
′
j . Using the overall momentum conservation,
pm =
∑n
i=0 pi −
∑m−1
j=0 p
′
j , one may write down the phase factor as follows:
Γ+ =
n∏
i=0
e−ixip
+(y−i −y
′−
m )
m−1∏
j=0
eix
′
jp
+(y′−j −y
′−
m ), (75)
Now we may use the on-shell condition for the outgoing quark (2π)δ(−xB+ x¯n− x¯Cn) to integrate out the momentum
fraction xn, and re-organize the phase factor as follows:
Γ+ =
(
e−i(xB+x¯Cn)p
+y−n
n−1∏
i=0
e−ixip
+(y−i −y
−
n )
)ei(xB+x¯′Cm)p+y′−m m−1∏
j=0
eix
′
jp
+(y′−j −y
′−
m )

 = Γ+nΓ′+m , (76)
where Γ+n and Γ
′+
m denote the parts associated with xi (1 ≤ i ≤ n) and x′j (1 ≤ j ≤ m) integrals. Using the contour
integral technique, one may perform all the remaining integrations over xi and x
′
j : starting from the propagators
adjacent to the cut and proceeding to those adjacent to the photon radiation point. We first look at the integration
over the momentum fraction xn−1. Isolating the corresponding phase factor and closing the contour of xn−1 with a
counter-clockwise semi-circle in the upper half of the complex plane, one may obtain:∫
dxn−1
2π
e−ixn−1p
+(y−n−1−y
−
n )
−xB + x¯n−1 − x¯Cn−1 − iǫ = iθ(y
−
n − y−n−1)e−i(xB+x¯Cn−1−x¯n−2)p
+(y−n−1−y
−
n ), (77)
where the θ-function means that the quark line propagates from the position y−n−1 to the position y
−
n . Combining the
above result, the phase factor takes the following form:
Γ+n → iθ(y−n − y−n−1)e−ixCnp
+y−n e−i(xB+x¯Cn−1)p
+y−n−1
(
n−2∏
i=0
e−ixip
+(y−i −y
−
n )
)
. (78)
Similarly, one may perform the remaining integrals for the momentum fraction xi until the one for xp+1. Then the
phase factor can be collected as:
Γ+n →

 n∏
i=p+2
iθ(y−i − y−i−1)e−ixCip
+y−i

 e−i(xB+x¯Cp+1)p+y−p+1
(
p∏
i=0
e−ixip
+(y−i −y
−
p+1)
)
. (79)
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Now performing the contour integration for xp, one may obtain:∫
dxp
2π
e−ixpp
+(y−p −y
−
p+1)
(−xB + x¯p − x¯Cp − iǫ)(−xB + x¯p − x¯Dp − iǫ)
= iθ(y−p+1 − y−p )e−ixBp
+(y−p −y
−
p+1)
e−ix¯Cpp
+(y−p −y
−
p+1) − e−ix¯Dpp+(y−p −y−p+1)
x¯Cp − x¯Dp e
ix¯p−1p
+(y−p −y
−
p+1). (80)
Two terms in the above equation come from the fact that either of the two propagators around the photon insertion
point can be used to obtain the on-shell conditions for the momentum fraction xp. Collecting the above result, the
phase factor now becomes:
Γ+n →

 n∏
i=p+1
iθ(y−i − y−i−1)e−ixCip
+y−i

 e−i(xB+x¯Dp)p+y−p
(
p−1∏
i=0
e−ixip
+(y−i −y
−
p )
)
e−iδx¯Dpp
+y−p − e−iδx¯Dpp+y−p+1
δx¯Dp
.(81)
The remaining integrations over xi after the photon insertion may be evaluated in a similar way. After carrying
out the integration over all momentum fractions xi in the complex conjugate, the phase factor may be cast into the
following form:
Γ+n →

 n∏
i=p+1
iθ(y−i − y−i−1)e−ixCip
+y−i


(
p∏
i=1
iθ(y−i − y−i−1)e−ixDip
+y−i
)
e−ixBp
+y−
0
e−iδx¯Dpp
+y−p − e−iδx¯Dpp+y−p+1
δx¯Dp
.(82)
For the integrations over the momentum fractions x′j in the amplitude, a close contour of xi with a clockwise semi-
circle in the upper half of the complex plane should be chosen, giving a factor of (−i) instead of i associated with
each θ function. After the integrations over all the quark lines have been done, the hadronic tensor may be written
as:
WAµνnmpq =
∑
q
Q4qe
2gn+m
1
Nc
Tr

( n∏
i=1
T ai
) 1∏
j=m
T a
′
j



∫ d4l
(2π)4
(2π)δ(l2)
∫
d4lq
(2π)4
(2π)4δ4(l + lq −Kn − q) (83)
×
∫
d4y0
(
n∏
i=1
∫
d4yi
)
 m∏
j=1
∫
d4y′j


(
n∏
i=0
d3pi
(2π)3
)
m−1∏
j=0
∫
d3p′j
(2π)3


(
n∏
i=0
e−ipi·yi
)
 m∏
j=0
eip
′
j ·y
′
j


× e−ixBp+y−0
(
n∏
i=1
iθ(y−i − y−i−1)e−ixDip
+y−i
)
 m∏
j=1
(−i)θ(y′−j − y′−j−1)eixD
′
jp
+y′−j


× (−gµν⊥ )ACAp 〈p|ψ¯(y0)
γ+
2
ψ(0)|p〉〈A|
(
n∏
i=1
A+ai(yi)
)
 1∏
j=m
A+a
′
j (y′j)

 |A〉
×

 n∏
i=p+1
e−iδxDip
+y−i



 n∏
j=q+1
eiδxD
′
jp
+y′−j

(e−iδx¯Dpp+y−p − e−iδx¯Dpp+y−p+1)(eiδx¯′Dqp+y′−q − eiδx¯′Dqp+y′−q+1)
× 1
δx¯Dpδx¯′Dq
2
(2p+q−)2
1 +
(
1− y
1+x¯−p
)(
1− y
1+x¯′−q
)
y2
(
1− y
1+x¯−p
)(
1− y
1+x¯′−q
) (l⊥ − y
1 + x¯−p
Kp⊥
)
·
(
l⊥ − y
1 + x¯′−q
K′q⊥
)
.
We now perform the resummation over different photon insertions locations (yp in the complex conjugate and yq in
the amplitude) for given numbers of scatterings experienced by the propagating hard quark jet. In this work, we only
consider the case with the same number of scatterings in both the amplitude and the complex conjugate (n = m).
The diagrams with n 6= m contribute to the gauge corrections to the terms with min(n,m) scatterings experienced
by the hard quark jet [44, 60, 61]. Similar to the previous section, the following assumption is invoked to simplify the
matrix elements of 2n(n = m) gluon vector potentials in the nuclear state (note that the quark operators has already
been factorized out). In the very high energy limit, nucleons are traveling in straight lines and are almost independent
of each other over the time period of the interaction between the hard quark jet and the nuclear medium. Thus it is
reasonable to approximate the nucleus by a weakly-interacting homogenous gas of nucleons, i.e., the expectation of
gluon field operators in the nucleus states may be cast into a product of the expectations in the nucleon states. By
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noting that a nucleon is a color singlet, the combination of gluon (or quark) field insertions must be restricted to a
color singlet, i.e., the first non-zero and the largest contribution are the terms with 2n gluon insertions divided into n
singlet pairs in n separate nucleon states (note that the atom number A of the nucleus is assumed to be very large).
The above statement means that the expectation of the 2n gluon operators in the nucleus state can be decomposed
as follows:
〈A|
(
n∏
i=1
A+ai(yi)
) 1∏
j=n
A+a
′
j (y′j)

 |A〉 = ( ρ
2p+
)n( n∏
i=1
δaia′i
N2c − 1
〈p|A+(yi)A+(y′i)|p〉
)
, (84)
where the colors of gluon field operators have been averaged. The trace for the color matrices can be easily evaluated
and gives:
1
Nc(N2c − 1)n
Tr
[(
n∏
i=1
T ai
)(
1∏
i=n
T a
′
i
)]
=
(
CF
N2c − 1
)n
. (85)
Now for convenience, we change the four-vector location variables: (yi, y
′
i)→ (Yi, δyi),
Yi =
1
2
(yi + y
′
i); δyi = yi − y′i. (86)
Using the translational invariance of the correlation functions, 〈p|A+(yi)A+(y′i)|p〉 ≈ 〈p|A+(δy−i , δy−i )A+(0)|p〉, the
integration for the phase factor may be performed:
∫
d3yi
∫
d3y′ie
−ipi·yieip
′
i·y
′
i = (2π)3δ3(pi − p′i)
∫
d3δyie
−i(pi+p
′
i)·
δyi
2 . (87)
In the above expression, the δ function represents the fact that each pair of gluon field insertions in each nucleon
states carry the same momentum, p′i = pi. The δ functions may be utilized to carry out the integration over the
momentum p′i. Recalling the expressions of the momentum fraction variables x¯Dp and x¯Cp, one may obtain the
momentum fraction δx¯Dp:
δx¯Dp = x¯Cp − x¯Dp =
(
l⊥ − y1+x¯−p Kp⊥
)2
2p+q−y
(
1− y
1+x¯−p
) . (88)
The expression of δx¯′Dq is completely analogous. Using the above expressions, one may obtain the hard part of the
matrix element (the last line of the hadronic tensor, denoted as Tpq) as follows:
Tpq =
2yP (y)
l2⊥
[
1 +
y(1− y)
1 + (1− y)2
K−p +K
′
q
−
q−
+ y
l⊥ · (Kp⊥ +K′q⊥)
l2⊥
− y(1− y)
1 + (1− y)2
K−p
2
+K ′−q
2
q−2
(89)
+
y2
1 + (1− y)2
K−p ·K ′q−
q−2
− y2K
2
p⊥ +K
′2
q⊥
l2⊥
+ 2y2
(l⊥ ·Kp⊥)2 + (l⊥ ·K′q⊥)2
l4⊥
+ y2
Kp⊥ ·K′q⊥
l2⊥
+
(
y2(1 − y)
1 + (1− y)2 − y
)(
l⊥ ·Kp⊥
l2⊥
K−p
q−
+
l⊥ ·K′q⊥
l2⊥
K ′q
−
q−
)
+
y2(1− y)
1 + (1− y)2
(
l⊥ ·Kp⊥
l2⊥
K ′q
−
q−
+
l⊥ ·K′q⊥
l2⊥
K−p
q−
)]
.
In the above expression, we have kept the terms up to the second order in
K−i
q− and
Ki⊥
l⊥
and their cross terms, to be
consistent with the momentum gradient expansion up to the second order as will be done in a short moment. Now we
simplify the phase factor (the second line of the hadronic tensor). Keeping the leading contribution, the phase factor
(denoted as Spq) can be obtained as follows:
Spq =
(
e−ixLp
+y−p − e−ixLp+y−p+1
)(
eixLp
+y′q
− − eixLp+y′−q+1
)
(90)
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With the above simplifications, the sum over the photon insertion locations yp and y
′
q may be performed:
n∑
p=0
n∑
q=0
SpqTpq =
2yP (y)
l2⊥
e−ixLp
+y−
0
[
1 +
y(1− y)
1 + (1− y)2
n∑
k=1
p−k
q−
Fk + y
n∑
k=1
l⊥ · pk⊥
l2⊥
Fk
− y(1− y)
1 + (1 − y)2
n∑
k=1
K−k
2 − (K−k−1)2
q−2
Fk +
y2
1 + (1− y)2
n∑
k=1
n∑
p=1
p−k p
−
p
q−2
Gkp
−y2
n∑
k=1
K2k⊥ −K2k−1⊥
l2⊥
Fk + 2y
2
n∑
k=1
(l⊥ ·Kk⊥)2 − (l⊥ ·Kk−1⊥)2
l4⊥
Fk
+
(
y2(1− y)
1 + (1 − y)2 − y
) n∑
k=1
(
l⊥ ·Kk⊥
l2⊥
K−k
q−
− l⊥ ·Kk−1⊥
l2⊥
K−k−1
q−
)
Fk
+y2
n∑
k=1
n∑
p=1
pk⊥ · pp⊥
q−2
Gkp +
2y2(1− y)
1 + (1 − y)2
n∑
k=1
n∑
p=1
l⊥ · pp⊥
l2⊥
p−k
q−
Gkp
]
. (91)
where
Fk = e
−ixLp
+(Y −
k
+ 1
2
δy−
k
−y−
0
) + eixLp
+(Y −
k
− 1
2
δy−
k
); (92)
Gkp = e
−ixLp
+(Y −
k
+ 1
2
δy−
k
−y−
0
)eixLp
+(Y −p −
1
2
δy−p ). (93)
Note that Y −k (Y
−
p ) is the location of the photon insertion point and can span over the nucleus size, while y
−
0 and
δy−k (δy
−
p ) are confined within the nucleon size. Therefore, y
−
0 and δy
−
k (δy
−
p ) are small as compared to Y
−
k (Y
−
p ), and
can be safely dropped in the expressions of Fk and Gkp. Then we obtain:
Fk ≈ 2 cos(xLp+Y −k ), Gkp ≈ cos(xLp+(Yk− − Yp−)). (94)
where we have exchanged the subscript k and p to symmetrize the expression of Gkp. After carrying out the sum over
the photon insertion locations, the hadronic tensor takes the following form:
WAµνnn =
∑
p
∑
q
WAµνnnpq = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
× 1
n!
(
n∏
i=1
∫
dY −i
∫
dδy−i
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δyi
∫
d3pi
(2π)3
e−ipi·δyi〈p|A+(δy−i , δyi)A+(0)|p〉
)
×
[
1 +
y(1− y)
1 + (1 − y)2
n∑
k=1
p−k
q−
Fk + y
n∑
k=1
l⊥ · pk⊥
l2⊥
Fk − y(1− y)
1 + (1− y)2
n∑
k=1
K−k
2 − (K−k−1)2
q−2
Fk
+
y2
1 + (1− y)2
n∑
k=1
n∑
p=1
p−k p
−
p
q−2
Gkp − y2
n∑
k=1
K2k⊥ −K2k−1⊥
l2⊥
Fk + 2y
2
n∑
k=1
(l⊥ ·Kk⊥)2 − (l⊥ ·Kk−1⊥)2
l4⊥
Fk
+y2
n∑
k=1
n∑
p=1
pk⊥ · pp⊥
q−2
Gkp +
(
y2(1 − y)
1 + (1− y)2 − y
) n∑
k=1
(
l⊥ ·Kk⊥
l2⊥
K−k
q−
− l⊥ ·Kk−1⊥
l2⊥
K−k−1
q−
)
Fk
+
2y2(1− y)
1 + (1− y)2
n∑
k=1
n∑
p=1
l⊥ · pp⊥
l2⊥
p−k
q−
Gkp
]
δ3(l+ lq −Kn − q). (95)
One can clearly see in the above expression many terms originating from the coupling between different scatterings,
which are absent for the case of single scattering.
We now perform the resummation over the number of multiple scatterings experienced by the hard quark jet.
Similar to the previous section, we introduce the momentum gradient expansion for the hard part H(pi) of the matrix
elements (the last four lines in the above hadronic tensor) in order to obtain a closed formula for single photon
radiation spectrum. Assuming the momentum exchange in each of the multiple scatterings between the hard parton
and the medium constituents is small, one may expand the hard part H(pi) as a series of the Taylor expansion in the
three-dimensional momenta pi = (p
−
i ,pi⊥) around pi → 0:
H =
(
n∏
i=1
[
1 + pαi
∂
∂pαi
+
1
2
pαi p
β
i
∂
∂pαi
∂
∂pβi
+ · · ·
])
H |p1···pn=0. (96)
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where α and β take the values of “−” or “⊥”. In the above expression, we have only kept the expansion up to the
second order derivative in both longitudinal and transverse momenta. High-order terms are neglected and should be
straightforward to include in the gradient expansion; they correspond to higher-order moments for the momentum
distribution of the exchanged gluons. The zeroth order term (with on momentum derivative) represent the case where
the exchanged gluons carry zero momenta; they contribute to the gauge corrections to the diagrams with lower number
of gluon insertions which carry nonzero momenta [55, 60–62], and will not be considered further. Now performing the
integration over pi by part, one may obtain:
〈p|A+(δyi)A+(0)|p〉e−pi·δyipαi
∂
∂pαi
= e−pi·δyi(−i)〈p|∂αA+(δyi)A+(0)|p〉 ∂
∂pαi
, (97)
〈p|A+(δyi)A+(0)|p〉e−pi·δyipαi pβi
∂
∂pαi
∂
∂pβi
= e−pi·δyi〈p|∂αA+(δyi)∂βA+(0)|p〉 ∂
∂pαi
∂
∂pβi
. (98)
We note the condition pi → 0 imposed by the Taylor expansion. This means that the hard part H no longer depends
on pi, thus the integrations for pi and δyi may be carried out directly. Now we may perform the resummation of the
number of multiple scatterings and obtain the hadronic tensor as follows:
WAµν =
∑
n
WAµνnn = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)φ(L
−, l−q , lq⊥), (99)
where
φ(L−, l−q , lq⊥) =
∞∑
n=0
1
n!
(
n∏
i=1
∫
dY −i
[
−DL1 ∂
∂p−i
+
1
2
DL2
∂2
∂2p−i
+
1
2
DT2∇2pi⊥
])
H |p1···pn=0. (100)
The transport coefficients DL1, DL2 and DT2 have been defined in the previous section. Now we look at ten terms in
the hard part one by one:
H = H0 +H
(1)
− +H
(1)
⊥ +H
(2)
−,1 +H
(2)
−,2 +H
(2)
⊥,1 +H
(2)
⊥,2 +H
(2)
⊥,3 +H
(2)
−⊥,1 +H
(2)
−⊥,2. (101)
Accordingly, the distribution function φ may be splitted into ten contributions:
φ = φ(0) + φ
(1)
− + φ
(1)
⊥ + φ
(2)
−,1 + φ
(2)
−,2 + φ
(2)
⊥,1 + φ
(2)
⊥,2 + φ
(2)
⊥,3 + φ
(2)
−⊥,1 + φ
(2)
−⊥,2. (102)
Resumming the number of multiple scatterings, one may obtain the contribution from the term H0 to φ
(0) as follows:
φ(0) = exp
(
L−
[
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
])
δ(l−q − q−(1− y))δ2(lq⊥ + l⊥), (103)
where the derivatives over pi have been converted to the derivatives over lq. Obviously, the distribution function φ
(0)
satisfies the following differential equation:
∂φ(0)
∂L−
=
[
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
]
φ(0)(L−, l−q , lq⊥). (104)
The above equation describes the time evolution of the three-dimensional momentum distribution of a propagating
hard parton which only experiences multiple scatterings with the medium constituents but without any radiation
[44]. Three terms in the above equation represent the contributions from the longitudinal momentum loss and
diffusion, and the diffusion of transverse momentum. If there is no radiation, the initial condition takes the form:
φ(0)(L− = 0, l−q , lq⊥) = δ(l
−
q − q−)δ2(lq⊥ + l⊥), and we return the solution obtained in Ref. [44]. Here we consider
the photon bremsstrahlung process, whose initial condition is φ(0)(L− = 0, l−q , lq⊥) = δ(l
−
q − q−(1 − y))δ2(lq⊥ + l⊥).
Using such initial condition, the distribution function φ(0) takes the following solution:
φ(0) =
e−(l
−
q −q
−(1−y)+DL1L
−)2/(2DL2L
−)
√
2πDL2L−
e−(lq⊥+l⊥)
2/(2DT2L
−)
2πDT2L−
. (105)
This solution means that the parton radiates photon immediately after the initial hard collisions, and then experiences
multiple scatterings in the nuclear medium. Now we look at the second term which reads as follows:
φ
(1)
− =
y(1− y)
1 + (1− y)2
∞∑
n=1
1
n!
n∑
k=1
∫
dY −k Fk
1
q−
(
−DL1 −DL2 ∂
∂l−q
)
×

 n∏
i=1,i6=k
∫
dY −i
(
DL1
∂
∂l−q
+
1
2
DL2
∂2
∂2l−q
+
1
2
DT2∇2lq⊥
) δ(l−q − q−(1− y))δ2(lq⊥ + l⊥). (106)
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Considering a homogenous medium, i.e., the transport coefficients DL1, DL2 and DT2 are position independent, then
the Y −k integral for the function Fk can be carried out directly,∫ L−
0
dY −k Fk ≈
∫ L
0
dY −k 2 cos(xLp
+Y −k ) =
2 sin(xLp
+L−)
xLp+
= FLL
−. (107)
The distribution function φ
(1)
− (L
−, l−q , lq⊥) can be related to φ
(0) as follows:
φ
(1)
− =
y(1− y)
1 + (1− y)2FL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
φ(0). (108)
The analysis of other eight terms are completely analogous, and they read as follows:
φ
(1)
⊥ = yFL
DT2L
−
l2⊥
(−l⊥ · ∇lq⊥)φ(0);
φ
(2)
−,1 = −
y(1− y)
1 + (1− y)2FL
(
DL2L
−
q−2
+
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)2)
φ(0);
φ
(2)
−,2 =
y2
1 + (1− y)2
(
DL2L
−
q−2
+GL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)2)
φ(0);
φ
(2)
⊥,1 = −y2FL
(
2DT2L
−
l2⊥
+
D2T2L
−2
l4⊥
∇2lq⊥
)
φ(0);
φ
(2)
⊥,2 = 2y
2FL
(
DT2L
−
l2⊥
+
D2T2L
−2
l4⊥
(l⊥ · ∇lq⊥)2
)
φ(0);
φ
(2)
⊥,3 = y
2
(
2DT2L
−
l2⊥
+ FL
D2T2L
−2
l2⊥
∇2lq⊥
)
φ(0);
φ
(2)
−⊥,1 =
(
y2(1− y)
1 + (1− y)2 − y
)
FL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
DT2L
−
l2⊥
(−l⊥ · ∇lq⊥)φ(0);
φ
(2)
−⊥,2 =
2y2(1 − y)
1 + (1− y)2GL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
DT2L
−
l2⊥
(−l⊥ · ∇lq⊥ )φ(0); (109)
where
GL =
2− 2 cos(xLp+L−)
(xLp+L−)2
(110)
Putting the above ten contributions together, the hadronic tensor takes the follow form:
WAµν = (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL) (111)
×
{
1 +
y(1− y)
1 + (1 − y)2FL
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
+ yFL
DT2L
−
l2⊥
(−l⊥ · ∇lq⊥)
+
y
1 + (1− y)2 [yGL − (1− y)FL]
(
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)2
+
y
1 + (1 − y)2 [y − (1− y)FL]
DL2L
−
q−2
+2y2
DT2L
−
l2⊥
+ y2(GL − FL)D
2
T2L
−2
l2⊥
∇2lq⊥ + 2y2FL
D2T2L
−2
l4⊥
(l⊥ · ∇lq⊥)2
+
[
y2(1− y)
1 + (1− y)2 (FL + 2GL)− yFL
](
−DL1L
−
q−
− DL2L
−
q−
∂
∂l−q
)
DT2L
−
l2⊥
(−l⊥ · ∇lq⊥ )
}
φ(0)(L−, l−q , lq⊥).
As has been mentioned, the first term in the above equation denotes the scenarios in which the photon is radiated
immediately after the initial hard scattering, and the subsequent multiple scatterings on the propagating parton is
encoded by φ(0). The other terms describes the effect that the propagating parton experiences multiple scatterings
with the medium constituents, which induces a photon radiation. In the high energy and collinear limits with
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small momentum exchange between the hard parton and the medium, one can integrate out the three-dimensional
momentum of the final outgoing quark lq = (l
−
q , lq⊥), and obtain the single-differential hadronic tensor as follows:
dWAµν
dydl2⊥
= (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
P (y)
l2⊥
(2π)fq(xB + xL)
{
1− y(1− y)
1 + (1− y)2FL
DL1L
−
q−
(112)
+
y
1 + (1− y)2 [yGL − (1− y)FL]
(
DL1L
−
q−
)2
+
y
1 + (1− y)2 [y − (1− y)FL]
DL2L
−
q−2
+ 2y2
DT2L
−
l2⊥
}
.
From the above expression, one may read off the medium-induced photon bremsstrahlung spectrum:
dNmedγ
dydl2⊥
=
αe
2π
P (y)
l2⊥
{
− y(1− y)
1 + (1− y)2FL
DL1L
−
q−
+
y
1 + (1 − y)2 [y − (1− y)FL]
DL2L
−
q−2
+ 2y2
DT2L
−
l2⊥
+
y
1 + (1− y)2 [yGL − (1− y)FL]
(
DL1L
−
q−
)2}
. (113)
One can clearly see from the above equation the individ-
ual contributions from the longitudinal drag and the dif-
fusions of longitudinal and transverse momentum trans-
fers to the single photon bremsstrahlung spectrum. Com-
paring to the single scattering result shown in Eq. (62),
an additional contribution from the longitudinal drag
(the last term) is obtained for the case of multiple scat-
terings. This term originates from the coupling between
different scatterings as can be seen in Eq. (95). Since we
only keep the terms up to the second order in the mo-
mentum gradient expansion, only the term quadratic in
the drag coefficients DL1 survives. One would expect
more additional terms to appear for multiple scatter-
ing scenario if higher-order terms are kept in the mo-
mentum gradient expansion. We can see that the addi-
tional term goes as (DL1L
−/q−)2, therefore, it should
provide a subleading contribution compared to the lin-
ear term DL1L
−/q− if the longitudinal drag (momen-
tum loss) is small or the energy of the hard parton is
very high. This indicates that for small longitudinal mo-
mentum loss and only considering the leading contribu-
tion from the drag and diffusions of the hard parton’s
momentum, the medium-induced photon bremsstrahlung
spectra are the same for single and multiple scattering
scenarios. We note that the above formula for medium-
induced single photon bremsstrahlung spectrum can be
directly used as the input to the phenomenological study
of jet-medium photons in relativistic heavy-ion collisions,
which are expected to give significant contribution to di-
rect photon production in the intermediate transverse
momentum regime [40, 53].
V. SUMMARY
Within the framework of deep-inelastic scattering off
a large nucleus, we have studied the single photon
bremsstrahlung process from a hard quark jet through
the scattering with the constituents of a dense medium.
We have included the effects from both longitudinal and
transverse momentum exchanges between the hard par-
ton and the medium constituents on the medium-induced
photon emission process. Using a gradient expansion for
the exchanged momentum up to the second order, we
have derived a closed form for the single photon radi-
ation spectrum with the incorporation of the contribu-
tions from the transverse momentum diffusion as well
as the longitudinal momentum drag and diffusion of the
propagating jet parton. It is found that while the trans-
verse momentum broadening on the propagating jet par-
ton induces additional photon radiation in the medium,
the longitudinal drag tends to suppress the medium-
induced photon emission. By comparing the results from
single scattering and from the resummation of multiple
scatterings, we find an additional term for the case of
multiple scatterings due to the coupling between differ-
ent scatterings experienced by the propagating hard jet
parton. Since the additional term is quadratic in the
drag coefficient, it is suppressed compared to the leading
contribution when the momentum transfer between jet
and medium is small, i.e., the photon radiation spectra
for two single and multiple scattering scenarios are the
same if the leading contributions from the drag and the
diffusions of the hard parton’s momentum are consid-
ered. The medium-induced photon radiation spectrum
obtained in this work can be directly applied to the phe-
nomenological studies of the production of jet-medium
photons in heavy-ion collisions. The study of medium-
induced photon emission in this work also serves as an
intermediate step for the investigation of the medium-
induced gluon emission from a quark jet interacting with
a dense nuclear medium. We leave them for future effort.
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Appendix
First, we provide the main results for the diagrams with central cuts mentioned in Sec. III, i.e., a single scattering
in both the amplitude and the complex conjugate, as shown in Fig. 2. The hard part of the matrix element for Fig.
2(a) reads as:
T(a) =
2yP (y)
l2⊥
. (114)
The phase factor for Fig. 2(a) can be simplified as:
S(a) = e
−ixD0p
+y−
0 e−ixC1p
+y−
1 eix
′
C1p
+y′−
1
(
e−iδxD0p
+y−
0 − e−iδxD0p+y−1
)(
1− eiδx′D0p+y′−1
)
≈ e−ixLp+y−0 [2− 2 cos(xLp+Y −1 )]. (115)
The hadronic tensor for the Fig. 2(a) reads as:
WAµν(a) ≈ (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
×
∫
dY −1
∫
dδy−1
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δy1
∫
d3p1
(2π)3
e−ip1·δy1〈p|A+(δy1)A+(0)|p〉
× [2− 2 cos(xLp+Y −1 )]δ3(l+ lq − p1 − q). (116)
The hard part of the matrix element for Fig. 2(b) reads as:
T(b) ≈
2yP (y)
l2⊥
[
1 +
2y(1− y)
1 + (1− y)2
p−1
q−
+ 2y
l⊥ · p1⊥
l2⊥
− y(2− 3y)
1 + (1− y)2
(
p−1
q−
)2
− y2 p
2
1⊥
l2⊥
+ 4y2
(l⊥ · p1⊥)2
l4⊥
+2y
(
2y(1− y)
1 + (1− y)2 − 1
)
p−1
q−
l⊥ · p1⊥
l2⊥
]
. (117)
The phase factor for Fig. 2(b) can be simplified as:
S(b) = e
−ixD0p
+y−
0 e−ixD1p
+y−
1 eix
′
D1p
+y′−
1
(
e−iδx¯D1p
+y−
1 eiδx¯
′
D1p
+y′−
1
)
≈ e−ixLp+y−0 . (118)
The hadronic tensor for the Fig. 2(b) reads as:
WAµν(b) ≈ (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
×
∫
dY −1
∫
dδy−1
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δy1
∫
d3p1
(2π)3
e−ip1·δy1〈p|A+(δy1)A+(0)|p〉
×
[
1 +
2y(1− y)
1 + (1 − y)2
p−1
q−
+ 2y
l⊥ · p1⊥
l2⊥
− y(2− 3y)
1 + (1− y)2
(
p−1
q−
)2
− y2 p
2
1⊥
l2⊥
+ 4y2
(l⊥ · p1⊥)2
l4⊥
+2y
(
2y(1− y)
1 + (1− y)2 − 1
)
p−1
q−
l⊥ · p1⊥
l2⊥
]
δ3(l+ lq − p1 − q). (119)
The hard part of the matrix element for Fig. 2(c) reads as:
T(c) ≈
2yP (y)
l2⊥
[
1 +
y(1− y)
1 + (1 − y)2
p−1
q−
+ y
l⊥ · p1⊥
l2⊥
− y(1− y)
1 + (1− y)2
(
p−1
q−
)2
− y2 p
2
1⊥
l2⊥
+ 2y2
(l⊥ · p1⊥)2
l4⊥
+y
(
y(1− y)
1 + (1− y)2 − 1
)
p−1
q−
l⊥ · p1⊥
l2⊥
]
. (120)
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The phase factor for Fig. 2(c) can be simplified as:
S(c) = e
−ixD0p
+y−
0 e−ixD1p
+y−
1 eix
′
C1p
+y′−
1 e−iδx¯D1p
+y−
1
(
1− eiδx′D0p+y′−1
)
≈ e−ixLp+y−0 (e−ixLp+Y −1 − 1); (121)
Fig. 2(d) is the complex conjugate of Fig. 2(c). The hard part of the matrix element for Fig. 2(d) reads as:
T(d) = T(c). (122)
The phase factor for Fig. 2(d) can be simplified as:
S(d) = e
−ixD0p
+y−
0 e−ixC1p
+y−
1 eix
′
D1p
+y′−
1
(
e−iδxD0p
+y−
0 − e−iδxD0p+y−1
)
eiδx¯
′
D1p
+y′−
1
≈ e−ixLp+y−0 (eixLp+Y −1 − 1). (123)
The hadronic tensors for the Fig. 2(c) and Fig. 2(d) read as:
WAµν(c) +W
Aµν
(d) ≈ (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq
∫
dy−0 e
−i(xB+xL)p
+y−
0 〈p|ψ¯(y−0 )
γ+
2
ψ(0)|p〉
×
∫
dY −1
∫
dδy−1
(
g2
CF
N2c − 1
ρ
2p+
)∫
d3δy1
∫
d3p1
(2π)3
e−ip1·δy1〈p|A+(δy1)A+(0)|p〉
×
[
1 +
y(1− y)
1 + (1 − y)2
p−1
q−
+ y
l⊥ · p1⊥
l2⊥
− y(1− y)
1 + (1− y)2
(
p−1
q−
)2
− y2 p
2
1⊥
l2⊥
+ 2y2
(l⊥ · p1⊥)2
l4⊥
+y
(
y(1− y)
1 + (1− y)2 − 1
)
p−1
q−
l⊥ · p1⊥
l2⊥
] [
2 cos(xLp
+Y −1 )− 2
]
δ3(l+ lq − p1 − q). (124)
Now, we provide the main results for the diagrams with non-central cuts mentioned in Sec. III, i.e., two gluon
insertions in the amplitude and no gluon insertion in the complex conjugate (or vice versa), as shown in Fig. 3. The
hard part of the matrix element for Fig. 3(e) reads as:
T(e) =
2yP (y)
l2⊥
(125)
The phase factor for Fig. 3(e) can be simplified as:
S(e) = e
−ixD0p
+y−
0 eix
′
C1p
+y′−
1 eix
′
C2p
+y′−
2 e−iδxD0p
+y−
0 (1 − eiδx′D0p+y′−1 )
≈ e−ixLp+y−0 (1− eixLp+Y −1 ) (126)
Fig. 3(f) is the complex conjugate of Fig. 3(e). The hard part of the matrix element for Fig. 3(f) reads as:
T(f) = T(e) (127)
The phase factor for Fig. 3(f) can be simplified as:
S(f) = e
−ixD0p
+y−
0 e−ixC1p
+y−
1 e−ixC2p
+y−
2 (e−iδxD0p
+y−
0 − e−iδxD0p+y−1 )
≈ e−ixLp+y−0 (1− e−ixLp+Y −1 ) (128)
The hadronic tensors for the Fig. 3(e) and Fig. 3(f) read as:
WAµν(e) +W
Aµν
(f) ≈ (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)δ
3(l+ lq − q).
×
∫
dY1
−
[−1 + cos(xLp+Y1−)]
∫
dδy1
−
(
g2
CF
N2c − 1
ρ
2p+
)
〈p|A+(δy1−)A+(0)|p〉 (129)
The hard part of the matrix element for Fig. 3(g) reads as:
T(g) =
2yP (y)
l2⊥
(130)
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The phase factor for Fig. 3(g) can be simplified as:
S(g) = e
−ixD0p
+y−
0 eix
′
D1p
+y′−
1 eix
′
D2p
+y′−
2 e−iδxD0p
+y−
0 eiδx¯
′
D2p
+y′−
2
≈ e−ixLp+y−0 eixLp+Y −1 (131)
Fig. 3(h) is the complex conjugate of Fig. 3(g). The hard part of the matrix element for Fig. 3(h) reads as:
T(h) = T(g) (132)
The phase factor for Fig. 3(h) can be simplified as:
S(h) = e
−ixD0p
+y−
0 e−ixD1p
+y−
1 e−ixD2p
+y−
2 e−iδx¯D2p
+y−
2
≈ e−ixLp+y−0 e−ixLp+Y −1 (133)
The hadronic tensors for the Fig. 3(g) and Fig. 3(h) read as:
WAµν(g) +W
Aµν
(h) ≈ (−gµν⊥ )ACAp
∑
q
Q4q
αe
2π
∫
dyP (y)
∫
d2l⊥
πl2⊥
∫
d3lq(2π)fq(xB + xL)δ
3(l+ lq − q).
×
∫
dY1
−
[− cos(xLp+Y1−)]
∫
dδy1
−
(
g2
CF
N2c − 1
ρ
2p+
)
〈p|A+(δy−1 )A+(0)|p〉 (134)
The hard part of the matrix element for Fig. 3(i) reads as:
T(i) ≈
2yP (y)
l2⊥
[
1 +
y(1− y)
1 + (1− y)2
p−1
q−
+ y
l⊥ · p1⊥
l2⊥
− y(1− y)
1 + (1− y)2
p−1
2
q−2
− y2 p
2
1⊥
l2⊥
+ 2y2
(l⊥ · p1⊥)2
l4⊥
+y
(
y(1− y)
1 + (1− y)2 − 1
)
p−1
q−
l⊥ · p1⊥
l2⊥
]
(135)
The phase factor for Fig. 3(i) can be simplified as:
S(i) = e
−xD0p
+y−
0 eix
′
D1p
+y′−
1 eix
′
C2p
+y′−
2 e−iδxD0p
+y−
0
(
eiδx¯
′
D1p
+y′−
1 − eiδx¯′D1p+y′2−
)
≈ e−ixLp+y−0
(
eixLp
+(Y −
1
+ 1
2
δy−
1
) − eixLp+(Y −1 − 12 δy−1 )
)
≈ 0 (136)
Fig. 3(j) is the complex conjugate of Fig. 3(i). The hard part of the matrix element for Fig. 3(i) reads as:
T(j) = T(i) (137)
The phase factor for Fig. 3(j) can be simplified as:
S(j) = e
−ixD0p
+y−
0 e−ixD1p
+y−
1 e−ixC2p
+y−
2
(
eiδx¯D1p
+y−
1 − eiδx¯D1p+y−2
)
≈ e−ixLp+y−0
(
eixLp
+(Y −
1
+ 1
2
δy−
1
) − eixLp+(Y −1 − 12 δy−1 )
)
≈ 0 (138)
Since the phase factors for Fig. 3(i) and Fig. 3(j) are approximately zero, they provide vanishing contributions to the
hadronic tensors:
WAµν(i) +W
Aµν
(j) ≈ 0 (139)
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